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The purpose of this contribution, is to initiate a classification of Lie superalgebras
(LS) of dimension five, over the base field R of real numbers. We use the “graded
skew-symmetry” and the “graded Jacobi identity” in order to get restrictions for the
commutators and anticommutators of an arbitrary five-dimensional Lie superalgebra
L=Lo® L.
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1. INTRODUCTION

About thirty years ago, there appeared in physics (see Neveu and Schwarz,
1971; Wess and Zumino, 1974; Salam and Strathdee, 1974) the new symmetry
principle called supersymmetry. The significant feature of this symmetry is that
it allows bosons and fermions, having different spin parities, to be considered
within the same multiplets. The generators of supersymmetry transformations
form a mathematical structure, known as Lie superalgebra. The theory of LS has
developed remarkably quickly, both in physics and in mathematics. From the math-
ematical point of view, the major effort has been directed towards establishing a
theory of simple LS (see Pais and Rittenberg, 1975; Freund and Kaplansky, 1976)
and their representations (see Corwin et al., 1975; Scheunert et al., 1977; Kac,
1978). A classification of the former, was made by Kac (see Kac, 1977) in the finite-
dimensional case as the first major step in the subject. Representation theory is
very much more difficult for superalgebras than it is for ordinary Lie algebras (see
Balantekin and Bars, 1982, 1984; Berele and Regev, 1987; Palev, 1989; Van der
Jeugt, 1987). The simple LS are those which are commonly used to describe inter-
nal symmetries of elementary particles and so naturally there has been an emphasis
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in the literature on the simple algebras. A notable exception to this, has been the use
of nilpotent Heisenberg superalgebras as supersymmetry algebras for the harmonic
oscillator (see Beckers et al., 1988a,b). However, the simple LS form a very small
subset of all possible LS, yet the non simples have received very little attention even
within mathematics. As a first step towards providing material for a study of more
general LS, there exists a classification of all real LS, which are not Lie algebras,
up to dimension four (see Backhouse, 1978a), a classification of all nilpotent LS up
to dimension five (see Hegazi, 1999a,b) and a classification of all complex LS of
dimension five (see Matiadou and Fellouris, 2005). In the present paper, we extend
the scope of the classification of LS to dimension five, over the real numbers.

We recall that, a Lie superalgebra L = Lo @ L; is a superalgebra over a
base field of characteristic different from 2, with a bilinear bracket operation [. , .]
satisfying the following axioms:

1. [x, y1 = =(=D*[y,x] (graded skew-symmetry)
2. (=[x, y1, 21+ (=D*[[y, 2], x] + (=D [[z, x], y] =0 (graded
Jacobi identity)

forallx € Lo,y € Lg,z€ L,,a,B,y € Zs.

Let L = Ly @ L; be aLie superalgebra. L is called the even part of L and
itis a Lie algebra. L is called the odd part of L and it is a Ly-module.

TwoLS L=Lo@® L, and L' = L ® L] are said to be equivalent, if there
exists a graded isomorphism f, which preserves the bracket product and is homo-
geneous of degree zero, i.e. f(Lo) = L and f(L) = L). It is often convenient
to think of f, as being determined by its restrictions to the even and odd parts.

We can ask the question: given a Lie algebra Ly and an Lj-module M,
how many inequivalent Lie superalgebras L = Ly @ L; can we construct, where
L, and M are equivalent as Lj-modules. Answering this question in the fifth
dimension case, is the basis for our classification. It is very convenient, both
for the carrying out of our computations and for the tabular representation of
our results, to distinguish the following two types of Lie superalgebras. A Lie
superalgebra L is trivial, if [L, L] = {0}; otherwise, L is a non trivial one.

A secondary distinction on the set of LS of a given dimension, is according
to the dimensions of the even and odd parts. Thus, L is a (m, n)-Lie superalgebra
and has dimension m +n, if dim Lo =m anddim L; = n

Remark 1.1. From “graded skew-symmetry” and “graded Jacobi identity”, we
obtain the following relations, which hold for all a,b,c € Lpand o, B,y € Ly:

[a,b] = —[b, a] (1.1)
la, a] = —|a, a] (1.2)
[o, B] = [B, ] (1.3)

[la, b], c] +[[b, cl,a]l + [[c,al, b] =0 1.4)



Classification of the Five-Dimensional Lie Superalgebras 453

[[a, b],a] + [[b,a],a] + [[a,al,b] =0 (1.5)
[la,a], Bl + [[o, Bl,a] = [[B.al,a] =0 (1.6)
[le, B, y1+ B, v], a] + Iy, a]l, ] =0 (L7

2. FIVE-DIMENSIONAL LIE SUPERALGEBRAS

Coming now to the mechanics of our classification of all five-dimensional real
LS, we begin by considering all trivial real LS for each of the possible dimension
types (m, n), with m + n = 5. We require, as basic input, a list of all inequivalent
real Lie algebras of dimension m, for m = 1, 2, 3, 4. Our source is the work of
Mubarakzyanov (see Mubarakzyanov, 1963; Patera et al., 1976). For each such
algebra, we must determine its inequivalent n-dimensional representations, for
n =5 — m. In each case, the Lie algebra and its representation form a trivial LS
of dimension five. The decomposable trivial algebras, although not included in the
tabulations, are important in that they are needed as building blocks for the non
trivial algebras. In fact, any non trivial algebra can be trivialized simply by putting
to zero all anti-commutators. The trivial algebra so obtained, can be decomposable
even if the starting algebra is not. Non trivial algebras are obtained by reversing
the trivialization process.

2.1. (4,1)-Dimensional Lie Superalgebras

Let L=Ly® L, bea(4,1)-LS and {a,, as, a3, as; o} a set of generators.
In particular, ay, ay, as, as are the generators of the even part Ly and « is the
generator of the odd part L. The one-dimensional representation p : Lo — L
is defined by:

pa;)(a) = [a;, a] = Aja, which holds forall i =1,2,3,4.
Then, we either have one of the following two cases:

1. X; =0, foralli =1,2,3,4.
2. There is at least one A; # 0, for example A4 # 0.

2.1.1. Trivial (4,1)-Dimensional Lie Superalgebras

In case 1, any (4, 1)-trivial LS is an ordinary Lie algebra of dimension four
(see Patera et al., 1976).
In case 2, it is very convenient to change the basis in Lg. So, we define the
new basis {a{, a}, a;, a,}, as:
af:ai—k—;am i=1,2,3
a, = ag,
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Now, we have:
[ai,a] =0, for i=1,2,3
[ai, Ol] = )»40(, )»4 ;é 0.

In the sequel, it is easier to use a; instead of a] for the labelling of the new basis
elements.

Remark 2.1.

1. The scalar A4 can be reduced to unity by scaling ay.

2. If we call h the kernel of p, then we observe that 4 is a three-
dimensional ideal of L, generated by ay, a, a3, with a4 actingon h
as an external derivation. This means that the following relation holds for
all i,j=1,2,3, wherei # j:

las, [ai, a;]] = [[a4, a;], a;] + [a;, [as, a;]]

3. The quotient Lie algebra L/ ker(p) is isomorphic to the one-dimensional
Abelian Lie algebra. Thus, we have:

L0=h+Ra4.

Using all inequivalent forms of the three-dimensional real Lie algebra 4 and
the graded Jacobi identity, we finally find 18 pairwise non isomorphic families
of trivial (4,1)-dimensional LS plus 1, namely the LS E'°. The latter one does
not depend on any parameters, but it is non isomorphic to any other LS from the
above families.

2.1.2. Non Trivial (4,1)-Dimensional Lie Superalgebras
From the “graded Jacobi identity”, we have:
[a;, [o, ¢]] = 2[[a;,a], ], i=1,2,3,4 (2.8)
[o, [, ¢]] = 0. 2.9)

Incase 1, Ly is a4-dimensional Lie algebra with [L(, L] = 0. Using the relation
(2.8), we get that [«, o] belongs to the center of L.

In case 2, the relation (2.8) gives [a;, [a, «]] =0 forall i =1, 2, 3. So, we
conclude that [«, @] belongs to the center of the ideal /.

This analysis leads to 7 families of non trivial (4,1)-dimensional LS, which
are pairwise non isomorphic plus 9 non isomorphic LS, which are not depending
on parameters.



Classification of the Five-Dimensional Lie Superalgebras 455

2.2. (1,4)-Dimensional Lie Superalgebras

Let L=Ly® L bea(l,4)-LSand {a;aq, as, 3, 24} a set of generators.

2.2.1. Trivial (1,4)-Dimensional Lie Superalgebras

The action of @ on L is completely determined by areal 4 x 4 matrix. Thus,
there exist 13 pairwise non isomorphic families of (1,4)-dimensional trivial Lie
superalgebras plus 2 non isomorphic LS not depending on parameters, all arising
from the rational canonical form of a real 4 x 4 matrix.

2.2.2. Non Trivial (1,4)-Dimensional Lie Superalgebras
Using the “graded Jacobi identity”, we have:
[ley, @il ;1 =0, i=1,2,3,4. (2.10)

Let [o;, ;] = S5 a, i,j=1,2,3,4and §;; € R. So, the matrix § = (S;;) is
a 4 x4 real symmetric matrix and by linear transformations takes the form
S = dlag (Sl, 52,83, S4).

Here, we have to examine the following three cases:

(1) If s5;, =0 forall i =1, 2, 3,4, then the LS is a trivial one.
(2) If there is at least one s; # 0, let’s say [og, o] = s1a, where s # 0,
then

la, ;] = 0.
Using again the “graded Jacobi identity”, we have:
[a,0;]1=0, =234

Therefore, when s;s,53 = 0, the LS decomposes. So, in order to obtain
an indecomposable LS, we must have s; # 0 for all i.

(3) If s; 20 forall i =1,2,3,4, then by scaling each «; we can take
s; = =1 foralli. So, we get three inequivalent forms of the diagonal
matrix § = diag(s, 52, 53, 54), as follows:

diag(1,1,1,1), diag(1, 1,1, —1), diag(l,1,—1, —1).

This analysis leads to 3 pairwise non isomorphic non trivial (1,4)-dimen-
sional LS.

2.3. (3,2)-Dimensional Lie Superalgebras

Let L=Ly® L; bea(3,2)-LS and {a,, as, a3; o1, oz} a set of generators.
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2.3.1. Trivial (3,2)-Dimensional Lie Superalgebras

From the classification over R of the 3-dimensional Lie algebras, we can get
10 inequivalent cases for the Lie algebra L,. We conclude the results by using
all these different forms of L, and the “graded Jacobi identity,” which holds for
all i,j=1,2,3 and k=1,2:

ai, a;l, ar]l + [la;, arl, ;] + [k, i1, a;] = 0.

So, we finally find 25 pairwise non isomorphic families of trivial (3,2)-dimensional
LS plus 8 more non isomorphic LS, which are not depending on any parameters.

2.3.2. Non Trivial (3,2)-Dimensional Lie Superalgebras
From the “graded Jacobi identity”, we have:
[la;, o], ax] + [lej, ax], ai] — [[ag, a;], ;] =0,  forall
i=1,2,3, j,k=1,2
and
i, o], o] + [, o], o] + [[og, ], 00j1 =0, forall i, j, k=1,2.

Using these two relations and the 33 non isomorphic trivial (3,2)-dimensional LS
that we found before, we get 13 pairwise non isomorphic families of (3,2)-non
trivial LS plus 18 LS not depending on parameters.

2.4. (2,3)-Dimensional Lie Superalgebras

Let L=Lo®L; bea(23)-LS and {ai, ar; a1, a2, @3} a set of gener-
ators. Working as in the case of (3,2)-dimensional LS, we find 15 pairwise
non isomorphic families of trivial (2,3)-dimensional LS plus 3 more LS,
not depending on parameters. For the non trivial case, we find 24 pairwise
non isomorphic families plus 27 LS, which are not depending on parameters.
It is worthwhile paying some attention to a special case of this type, namely
those denoted (2A;; +3A)’, foralli =1,2,...,23. These LS have the two-
dimensional Abelian Lie algebra 2A;; as even part and the zero representation
on the odd part. Now, imposing the “graded Jacobi identity” on any triple of
generators, does not provide us with any restrictions on anticommutators. Hence,
for an arbitrary anticommutator, we can write:

lai, ;1= Sij a+ T b,

where S;;, T;; are elements of the real 3 x 3 symmetric matrices S, T,
respectively and a = a;, b = a,. For the sequel, we use the symbols «, 8, y,
instead of o, &y, a3, respectively, in order to make our computations easier.
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Thus, our problem is reduced to that of determining all possible inequivalent
forms of a pair of real 3 x 3 symmetric matrices. In order to apply standard
results (see Brebner and Grad, 1982; Bunse-Gerstner, 1984; Garvey et al., 2003),
we have to distinguish two cases:

L. at least one of the matrices S and T is non-singular,
II. both matrices S and T are singular.

In the first case, using transformation of the form:

/

(07 (07
gl=r|5B (2.11)
Y’ 14

on the set of odd generators, where P isa 3 x 3 real matrix and bearing in mind
that we can permute, scale or change sign on the set of even generators a and b,
we can reduce the pair S, T simultaneously into the forms §’ = PT § P and
T'=PT T P, where:

(1) §'=diag(1,1,1), T'=diag(l,q,r), 1=1q|=1|r|=0

/ ’ )\'
, _ (T T
=\ o)

K

) § =diag(l,1,-1), T' =

LS

!
A

=

In case (1), we have the LS:
la,al=a+b, [B,fl=a+qb, [y,yl=a+rb,

which for ¢ =1 or g =r, is decomposable. For g # 1 and g # r, we use the
invertible linear transformation:

(5)=(4) () a1
and scaling, if it is necessary, we find the following inequivalent LS:
QAL +3A) ¢ [eal=a, [B.Bl=b. ly.yl=a+b;
QAL +3A7: [eal=a, [B.Bl=b. ly.yl=a—1b;
QAL +34): [eal=a, [B,Bl=b, [y,y]=—(a+Db).
In case (2), we use a linear transformation of the form:
o o
p|= (32 ?1‘) g 2.13)
v v

where Q is a 2 x 2 real orthogonal matrix diagonalizing 7;, i.e. Q7T Q =
diag(p, ¢), 01 =(00)", 0, =(00) and I, is the 1 x 1 unit matrix. Transformation
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(2.13) does not affect the matrix S and finally, it leads to the pair:

p 0 «
S =diag(1,1,-1), T"=10 q x|, p.qg.r.c,A€R.
K A 1

In the sequel, we distinguish three basic cases:
Op#q, ()p=qg=-—r, ()p=q#-r

which finally lead to the following inequivalent LS, where p, g, «, 2 € R*:
A1 +34) ¢ [e,al =a, [B, Bl =b, ly,y] = pa—(p+ Db,

[, y] = «(a —b), [B,y] = Ma —D);
QAL +340)": (el =a, [B.pl=a. [y.y]=—a, [B.y]=1b;
QAL 434" [wal =a, [B,Bl=a, [y, y] = —a, la,y] =«b,[B,y] = b;
QAL +3A)"7: [al=a, [B,l=a, [y, y] =b, o, y]=k(a+b);
QAL +3A)": [ al =a, [B.fl=a, [y.y]=0, lo.y] =«(a+b),

[B.v] = Aa + b);
QA1 +3A) : [a,al =a, [B,Bl=0b, [a,y]=a —b.

[
[

In the second case, transformations of the form (2.13), lead to the cases:
(3) §' =diag(1,1,0), T' = (ti/j)’
4) §' = diag(1, —1,0), T' = (ti’j),
(5) §' =diag(1,0,0), T’ = (t})),

where (#;;) is a 3 x 3 real symmetric matrix, with det 7" = 0.
In case (3), we use a linear transformation of the form:

o o P, O

’ — 3 J—
5/ =P 5 , with P_<O2 P2),

where P is an orthogonal 2 x 2 matrix diagonalizing (] j)zxz and Pyisal x 1

matrix with element \/ﬁ, if #j; #0 or 1, if t;; = 0. Also, O; = (0 0)7 and
33

0O, = (0 0). So, we conclude the following pair of real symmetric matrices:

p O

K
S =diag(1,1,0), T'=1{0 A,
K €

>

where ¢ € {0, 1, —1} and det T’/ = 0.
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We distinguish cases as p # g or p = g and finally find the following in-
equivalent LS, where «, A € R*:

QA1 +3A) : [e,al =a, [B,Bl=D, [a,y]=a—b, [B.y]=Aa - b);
QA1 +3A)°: [a,al =a, [B,Bl=b, y.yl=a—b, [a,y]=«(a—b),
[B8,v] = A(a — b);
QA1 +3A) ¢ [a,al =a, [B.Bl=b. [y.yl=a—b, [a, ] =Aa—b).
In case (4), following the same method as in case (3), we find the LS:
QAL +3A)": [ al=a, [B.B]=b, [a.fl =k(@+Db), [a,y] =a+b,
[8,v] = ula+Db);
QA1 434" [e.al =a, [B.Bl=b, [a.y] =a+b;
QA11 +3A4): [a.al=a, [B.Bl=b, ly.yl=a+b, |a, Bl =«(a+D),
[a, y] = AMa + D), [B,y] = ula + D),
QAL +3A): [, al =a, [B.B1=b, ly.y]=—(a+b), la, Bl = «(a +b),
la, ] = Ma +b), [B,y]= pnla+Db);
QA1 434" [, al =a, [B. Bl = —a, [y.y]=b, la, Bl = kb,
[a, y]1=0b, [B,y] = ub;
QA1 +34)": [, al=a, [B,Bl=—a, ly,y]=b, o, Bl =b,
B, v] = ub;
QA1 +34)°: [a,al =a, [B, Bl =—a, ly,¥y]1=b, [B,y]=b;
QA1 434 ¢ [w.al =a, [B.Bl=—a. [a.f] =D, [a,y] = b,
[B,v]=
QA1 43407 [a,al =a, [B. Bl = —a, [B.y] =1b;
2A11434)7 ¢ [a, Bl =a, [a, y]=b.
Also, for the case (5), working as above, we obtain the following LS:
QA1 434 [a,a] = a, [B.Bl=b. [a,y] =b.

Remark 2.2. The following tabulations are of families of equivalence classes
of real indecomposable Lie superalgebras of dimension 5, which are not Lie
algebras. For the labelling of the 5-dimensional LS, we use the letter E. The
symbols a, b, ¢, d instead of ay, ay, a3, as and «, B, y, é instead of &y, o, 03, 04,
make the use of the next tables easier.
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Table I. (4,1)-Lie Superalgebras

Relations Comments
Trivial LS

E]l,q, [d,a] = pa,[d,b]l = qb,[d,c]=rc;[d,a] =« p,q.r #0
E2, la,b]l = c¢;[d,al = pa,[d,bl = gb,[d,c]l = (p +q)c;[d,a] =« p,g#0
Ei, [a,b] =b,la,c] = pc;ld,cl =rc;ld,a]l =« r#0, n#0,1
E;‘ [a,b] =b,[a,cl=b+c;ld,b] = gb,[d,cl =qc;ld,a]l =« q#0
EZ [a, bl =c;[d,bl = gb,[d,c]l = qc;ld, 0]l =« qg#0
E;’K [a,b] =«kb —c,la,c]=b+«kc;[d,b] =qb,[d,c] =qc; [d,a] =« g,k #0
E] la,b]l=—c,[a,c]=b;[d, bl =qb,[d,c]=qc;[d,a] =« qg#0
E?J [d,a]l = pa,[d,bl =a+ pb,[d,c] =b+ pc;ld,a] =« p#0
Ef l[a,cl=a,[b,cl]=ra+b;[d,bl =a,[d,c]=b;[d,a] =« A#0
E'0 l[a,cl=a,[b,c]=b;[d,bl =a,[d,c]=b;[d, o] =«
EN [b,c] =«ka;[d,bl =a,[d,c]=b;[d, 0] =« Kk #0
E): [d,al = pa,[d,bl =a+pb,[d,c] =qc;[d, @] = pq#0
E(}3 la,b]l =c;ld,a]l = pa,[d,b] =a+ pb,[d,c] =2pc;|d,a] =« p#0
E} [b,al=a+c,[b,cl=pc;ld, bl =a;[d, 0] = n#0, |ul <1
ES [b,al =ka — e, [b,cl=ra+«ke;[d, bl =a;[d, 0] =« A#£0
ES, [d,al = pa,[d,b] = gb —rc,[d,c] =rb+qc;[d, o]l =« p.r#0
E(}Z [b,c]l =a;ld,al =2qa,[d,b] =gb—rc,[d,c] =rb+qc;

d,o]l =« r#0
E}S l[a,bl =Db,[a,cl =c;[d,b] = —rc,[d,c] =rb;[d,a] =« r#0
E,lg [b,cl=a;[d,b]l = —rc,[d,c]l =rb;d,a] =« r#0

Non trivial LS

Ezlq, [d,al=2a,[d,b] =gb,[d,c] =rc;ld,a]l = o;[a,] = a q,r #2
EIZ,2 » a,b]l = c;[d,a]l = pa,ld,b] = (2 — p)b,[d, c] = 2c;

[d,a]l =a;[a,a] =c¢ p#0,g#2
E3 [a, bl = c;[d, b] = 2b,[d,c] = 2¢;[d, o] = o; [or, ] = ¢
ES [da]_Za [d,b] =a+2b,[d,c]=b+2c;[d, a] =a;

[o, o] =
Ezlj [da]_2a [d,b]=a+2b,[d,c] =qc;ld,a]l =a;[a,a] =¢ q#0,2
Ell,z2 [d,al = pa,[d,bl =a+ pb,[d,c] =2¢;[d,a]l = a; [, ] = ¢ p#0,2
(EB)' la.bl=c;[d.al =a,[d, bl =a+b,[d,c] =2c;[d, a] = a;

[(x,a]_c
(EB)? la, b] = b; [d al=a,[d,bl=a+b,[d c]=2¢[d, a] = a;

[o, a] =
Ej® [d, aJ—Za ld,bl=gb—rc,[d,cl =rb+qc;ld,a] = o;

[o, @] = r#0
(E)])' [b,cj—a[daJ—Za [d.b)=b—reld.cl=rb+cild.a] =

[o,] =a r#0
(E}Z)2 [b,cl =a;[d,al =2a,[d, bl =b—rc,[d,c]l=rb+c;

[d,a] =a;[a, 0] = —a r#0

(As3+A) [d,al=2a,ld,cl=b;la,a] =D

(As1+A) [d,bl=a,ld,c]=b;la,a]l =a

(A3 + A [a,bl=c;[d,al=a,[d,b] = —b;[a,a] = ¢
(Ass + AP [a,bl=c;[d,al = 7b [d,bl=a;[a,a]l =c
(As3+ AP [a,bl=c;[d,al = —b,[d, bl =a;[a,a] = —c




461

1 Lie Superalgebras

1mensiona;

Classification of the Five-D

0FSs
0<I1bl<|d] 0#s
0Fs'bh
b#d ‘g#d
b#d
b#d ‘g#b'd
o#d
b#d ‘g#b'd

o#Fd

0#d
0#d

0#d

1> 15> 4> [s1> 0

p—=[g¢l'v—=[A‘A]'D=[g g]'v=[p0D]
p—=[e¢l'v=[A'A]'D=[gd ‘d]'p=[0"D]
p=[9Ql‘D=[A‘A]‘D=[gd ‘d] ‘D= [0‘D]

g4+ As— =[¢ D]

‘95 + Au=[A ‘D] ‘gd = [¢ ‘D] ‘g + 0d
94+ As— = [g ‘v]

‘95 + Au =[Av]‘gb =[g ‘v] ‘vd = [0 ‘D]

[0 D]

94+ As— =[g ‘v]

‘95 + Au = [A‘v] ‘dd + vb— = [¢d ‘D] ‘gdb + 0d = [0 ‘D]
9b =[] ‘¢ + Ab = [A‘v]‘gd = [¢ ‘D] ‘pd = [0 D]
9b=[¢p] ‘¢ + Ab=[A D] ‘gd = [¢ ‘v] ‘¢ + nd = [0*D]
9h =[¢*p]*¢+ Ab = [4 ] ‘gh = [g ‘D] ‘nd = [0*D]
9=1[4v]'A =g p]*nd =[n"D]

9b =[¢'p] ‘¢ + Ab=[A D] ‘A + gb =[g ‘p] ‘pd = [0 D]
od = [¢*p]*g+ Ad = [4 D] ‘gd = [¢ ‘v] ‘0d = [0 D]
9=1[4'v]'g =[0D]

od = [g*v] ‘¢ + Ad = [4 ] ‘gd = [¢ ‘D] *d + nd = [0°D]
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